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Abstract. Using a parametrization of the Wilson loop with the minimal-area law, we calculate the polariza-
tion operator of a valence gluon, which propagates in the confining background. This enables us to obtain
the infrared freezing (i.e. finiteness) of the running strong coupling in the confinement phase, as well as in
the deconfinement phase up to the temperature of dimensional reduction. The momentum scale defining
the onset of freezing is found both analytically and numerically. The nonperturbative contribution to the
thrust variable, originating from the freezing, makes the value of this variable closer to the experimental

one.

1 Introduction

The path-integral representation for the Green function
of a particle moving along a closed trajectory and inter-
acting with the gauge field yields the Wilson loop. When
the particle is confined by the gauge field, its Wilson
loop obeys the area law. In this physically very import-
ant case the path integral cannot be calculated analyt-
ically, because finding the minimal surface for an arbi-
trary contour z,(7) in d > 2 dimensions is too complicated.
Therefore, effective parametrizations of the minimal sur-
face have been invented in the literature (see e.g. [1-4]),
which means that there exist certain physically motivated
tricks to construct the minimal-area functional in terms
of x, (7).

To give an example we consider the following formula,
which converts a double surface integral into line integrals
with Stokes’ theorem:

/Z Ao () /Z do,., (¢')3,8,D(z — ')

:_fcdxufcdx;p(x—x'). (1)

Here D is an arbitrary function for which the integrals are
finite, 0, = %, and X is an arbitrary surface encircled by

the contour C'. As one can see, the choice D(z —z') = (x —
2')? is the unique one, for which the derivatives on the
L.H.S. of (1) are removed completely, and one obtains

/ d%u(w)/ do-uu(xl):f dxuf da)z,, .
b b c c
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Now, if C' is a flat contour, then we can choose X flat as
well, in which case the L.H.S. of this equation equals 252,
where S is the area of Y. Therefore, for a flat contour, the

minimal area reads
Ly
S - 52’“/ 5 (2)

where Y, = fC dz,z, is the so-called tensor area [2—
4], which is manifestly a functional of C only. Flat con-
tours are a good approximation for particle trajectories
when the particle is heavy. For example, the parametriza-
tion of (2) reproduces correctly the heavy-quark conden-
sate [5, 6] and the mixed heavy-quark—gluon condensate [7]
in QCD. However, it certainly cannot be correct for a light
particle, whose trajectory may deviate significantly from
the flat one.

A parametrization for light and even massless particles
has been proposed in [8]. Similarly to (2), it allows one
to express the area Spi, of the minimal surface X in
terms of a single integral. The main idea is to convert the
proper time in the path integral to a length coordinate
7 € [0, R]. After that, one can naturally parametrize Spin
as an integral of the transverse direction, |r(7)|, along this
coordinate:

Simin = / drlr(r)]. (3)

With such a parametrization of Syi,, we calculate in
this paper the polarization operator of a gluon when it
splits into two valence gluons. The latter move in a non-
perturbative background, which confines them. In the ab-
sence of the confining background, the polarization opera-
tor yields the standard Yang—Mills one-loop running coup-
ling [9]. In the presence of the background, the running
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coupling goes to a constant in the infrared region, i.e. its
logarithmic growth “freezes” [8]:

4 4
as(p) = — = . (4)
bln 2 pln 2
Here,
11
b=—N,
3

is the absolute value of the first coefficient of the Yang—
Mills S-function, and m o (string tension)l/ 2 is a nonper-
turbative mass parameter.

In this paper, we will show how freezing occurs and cal-
culate the values of m and b both analytically and numer-
ically. The paper is organized as follows. In Sect. 2, we re-
call the derivation of as(p) in the absence of the confining
background, introducing the scalar polarization operator
ITtree(p?). In Sect. 3, the world-line integrals for the po-
larization operator IT(z,y) in the coordinate representa-
tion are evaluated. In Sect. 4, freezing is discussed in de-
tail. In Sect. 5, we extend this approach to the analysis of
freezing in the deconfined phase. In Sect. 6, possible phe-
nomenological consequences of freezing are discussed. Fi-
nally, the main results of the paper are summarized in the
conclusions.

2 Polyakov’s derivation
of the running strong coupling

In this section, we recollect some steps of the derivation of
as(p) based on the integration over quantum fluctuations
of the Yang-Mills field [9,10]. The procedure starts with
splitting the total Yang-Mills field A7, into a background,
AZ, and a quantum fluctuation, a? Whose momentum is
larger than that of the background One can therefore sub-
stitute the Ansatz A}, = f_lz + ay;, into the bare Yang-Mills

action,
1 4 2
SolA] = ig? / d*z(Fj;, [A])
where F¢, [A] is the QCD field-strength tensor and gy is the
bare coupling.
Al = A +aj,.

Fixing the so-called background Feynman gauge
(Dpa,)®* =0, one adds to the action the term

Set. = d*z [(Duay)T” |

290

where (Dya,)* = 9,a% + £ Al af. The total gluon action
reads

1 - T\ @
So+Se1= 12 [ ata{ (P )" - da (DuF )

— 205, 8,0 (D?)* +2f*F}, [4]] a5, + O(a®) }

D. Antonov, H.-J. Pirner: Following gluonic world lines to find the QCD coupling in the infrared

To perform the one-loop renormalization of g2, one has
to integrate out the ajj-gluons in the Af-background.
The full renormalized effective action can be written
as

dp 1

W 492(p) ﬁu(p)FSV(_p) )

(5)

where the running coupling g(p) is the object of the cal-
culation. The so-called diamagnetic part of the effective
action for Af-fields has the form

D?) =
r|(-0%)50 AP (z) -

S = 8o+ S 4 st = /

Sdia — trIn(—
1 _ _
5(_82)xy1A(1)(y)(_a2)yzlA(1) (x) ’
(6)
where we have used the decomposition
D2 =92+ AN 4 AP
AW (z) =it* (0, A% +24%0,,)

(t2)be = —ifabe. The paramagnetic part of the effective ac-
tion reads

A®)(z) = (Aj")?,

1
gpara — §tr In[1+(-0%"

1 (QbeCF;lzu)]
2 ;yl (2fabc zl(gfadc

Fu, () (=0%),, Fy,(2)).

(7)

The subscript “dia” describes the diamagnetic inter-
action of the /_IZ—ﬁeld with the orbital motion of the
aj-gluons. This effect leads to the screening of charge
and is present in the Abelian case as well. The sub-
script “para” is because this part of the effective action
describes the paramagnetic interaction of the A®-field
with the spin of the aj-gluons. It leads to the antis-
creening of charge, which is a specific property of the
non-Abelian gauge theories. The dia- and paramagnetic
parts of the one-loop effective action can be written
as

s{piija} :NC{(T{’;)}/ (;1;4F[}V( VES, (—p) iree (%)
(8)

1 /12

Hfree (p ) 167'('2 p2

d4q 1
~ [ ©
(2m)* ¢*(¢+p)
is the free scalar polarization operator. Equation (5) then
yields
1 1 b AR
— = ———In-2,
9°(p) g3 167 p?

where go = g(Ap). Introducing the renormalized cutoff

(10)

A= Agexp < 7>, one finally arrives at the standard re-

sult ag(p) = 4”2.

bln%
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3 Calculation of the polarization operator

In reality, the gluon fluctuations af, do not appear as
measurable excitations in the QCD spectrum and there-
fore must be self-confined, which means that the two
aj;-gluons propagating along the loop interact and form
a colored bound state. This interaction has a one-gluon-
exchange part plus a nonperturbative part, which may
be related to string formation in the octet—octet channel
coupled to a color octet. If one assumes Casimir scal-
ing for the string tension, the corresponding string ten-
sion in the octet channel is related to that of the fun-
damental representation as (see e.g. [11]) o = go'fund
0.225 GeV? with ong = 0.2 GeV2. The a,-gluons may
be confined because of a stochastic background field
Bj,, whose momenta are even smaller than the momenta
of the A%-gluons [8] (see Fig.1). The presence of this
addltlonal background field can be taken into account
by substituting into the Yang—Mills action a modified
Ansatz

A% = B2+ A% +al.

Accordingly, the definition of the one-loop effective ac-
tion includes now the average over the background: S =
—ln<fDaZe‘S[A]>B, where (...)p is some gauge- and
O(4)-invariant integration measure. In the course of the
calculation of [ ’DaZe*S (4] the presence of the background
leads to the substitution 8> — D?[B] in (6) and (7), where
(Du|Blay)* = 0,02 + f“bCBZa,‘j. In the diagrammatic lan-
guage, we are still considering the same one-loop diagrams,
which contain only two external lines of the AZ—ﬁeld, but
with the internal af-loop receiving infinitely many con-
tributions of the Bjj-field. The latter appear through the
path-integral representatlon of the operator (DQ[B]) ,
which contains the Wilson line of the a?-gluon in the
Bj-field. Such an aj-gluon is called a valence gluon from
now on.

In the coordinate representation the scalar polarization
operator has the general form

11 _ d4p ipmH 2\ __ D2
free(x) - (27T)4e free(p ) - 0(.73) )
1
Do() 4212 ()
B
A
a

Fig. 1. Relative wavelengths of the three fields By}, A}, and aj;
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In an arbitrary background Bj; the polarization operator
becomes

(I (x,y|B)) p = (tx(D*[B))5, (D*[B)) ) 5 -

The path-integral representation of this average reads (see
e [8])

(I(2,y|B)) p = (2, y) = / ds / ds

/(Dzﬂ)xy(pzﬂ)yxexp< / arr /0 dX?)
X <tr'Pexp[i (/0 d)\z'MBZ(z)ta—i-/o d/\zMBg(z)t“)DB.

(12)
Here, (Dz,)4y is the standard measure of integration over

all paths z, () such that z(0) =y and z(s) = 2. Namely, in
d dimensions,

o g 11

= z(ke),

ddzk
(4me)d/2”

s—s/N.

The Bjj-averaged term in (12) is the Wilson loop of the va-
lence gluon. The confinement of the latter is reflected in the
so-called area law. The Wilson loop (...) 5 can be approx-
imated by e~ min where Syin = Smin[z, Z] is the area of
the minimal surface encircled by the paths z,,(s) and z,(5).
Moreover, parametrization of Sy, in the form of (3) leads
finally to the restoration of the translation invariance of
I(z,y).

To calculate IT(z,y) we introduce “center-of-mass” and
relative coordinates of the gluons [8]:

Szt Sz,

— TL=2u—Z, -
s+ 8 " " "

Uy =

We define new integration variables, which have the dimen-
sion of mass:

_ |zl P
25 '

|z —y]

25 (13)

W

Then the kinetic terms of the gluons become
s 52 5 22 _ 1 (R
/ Z“dwr/ 1 Ldx= 2/ dr [(p+ )i, + mrl]
0 0 0
with
R=|z—y|.

Here, u, = #MTﬂﬁ is the “reduced mass”, and 7 is the dis-
tance to the point x along the line passing through x and
y. Note that, unlike Schwinger’s proper time s, which has
the dimension (length)?, the variable 7 has the dimen-

sion (length). The minimal area, Sy, can be effectively
parametrized with the coordinate 7 alone, after which the
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problem reduces to that of a Schrédinger equation with the
potential o|r|. The main new idea of the present paper is to
use a path-integral approach for the calculation of IT(x, y).
To this end, we will apply the Cauchy—Schwarz inequality

to (3):
R R
Sonin = /0 drlr(r)| < <R /0 d7r2>

Note that, in case of a (1+ 1)-dimensional classical-
mechanics problem, this approximation works with a good
accuracy. For two particles of mass m interacting through
a linear potential that move from (y, t) = (0, 0) to the point
(0,R), one can write the equation of motion
mijy = —mis = —o. Substituting the solution, y; = —ys =

Zt(R —t), into the exact formula Sy, = fo dt(y1 —y2),

we get Smin = i Using instead our approximation, we

R

1/2
3
Rbfdt(w ) ] =&
error is therefore quite small, namely (\/%—%) i
0.096.

Encouraged by this observation, we return to the 4d
case and eliminate the square root in the Cauchy—Schwarz
inequality, (14), by introducing an integration over an
auxiliary parameter A, which is sometimes called ein-
bein. The expression for the polarization operator then
becomes

R (> dyp (> di
I (z,y) ~ I/o F/o ﬁ/(Duu)wy(Dru)OO

1/2
(14)

. The relative

obtain Sy, <

> dA pt i 2
A——= d
\/7T)\ [ 2 0 a
L R R
;/ A7 — drrl (15)
0 0

Now, the integrals over u,(7) and r4(7) are free path in-
tegrals, while the integral over r(7) is that of a harmonic
oscillator. We calculate these integrals by introducing the
variables

= URS/z/\/Q[Lr/\ instead of \,

a=pR/2 insteadof p, and
b=pR/2 instead of fi.
In terms of these variables
= -7 2
H<x7y) - H(R) - 167T9/2R2 f(UR ) )

where

o [T dé¢ =
f(eR )—/(; \/_sinh3/2§/(; dadb

X € —a—b— J—RQ 2a+b
P 2¢ ab

a+b

(16)
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When integrating analytically over a and b, it has been
found (cf. Appendix A) that, owing to the a <> b sym-
metry, the corresponding saddle-point equations can be
solved even when the pre-exponent is lifted to the expo-
nent. However, the leading large-distance asymptotic be-

havior of II(R) stems from the mere substitution of the
saddle-point values without that lifting, a = b~ %, into
the pre-exponent (see Appendix A for details). This pro-
cedure yields

e—20R2/§ )

1I(R) (17)

167T7/2R / fSlnh3/2

This integral can be evaluated by splitting the integration
region into two parts:

o3/2
I =——(L+ 1] 1
(R)= e (h 1), (13)
where
1 o] 2
N d€ —20r?/e 932 d€ 3¢ 20m°
Il 55/2 / y I2 ~32 / : —e 2 3

Then, at cR?> 1, I; = C’)(e’%RQ) is a subleading term.
The integral I is saturated by its saddle point, & =
2R+/c /3, which lies inside the integration region. This
yields

o®/4 —2v30R

2
TR at oR*>1.

(19)

II(R) ~

Let us now consider the opposite hmlt of small dis-
tances. There, (A.3) goes over to ( ) , and the prod-
uct of the three path integrals, (A. (A 3), yields

/ (Duy)wy(Dryu)oo

- rR R 2 R
p+ i o 2 OR 2
exp l_T/O dT’U,M - 7/(; dTT'M — K ; drr ]

| e[ 00

5 } at cR?’« 1.

M
% R
[(27TR)2
Since this expression does not depend on A anymore, the
remaining A-integration in (15) results in a factor of 1.
Equation (15) then goes over to the free scalar polarization
operator, (11):

1 ° Sl (u+m)R
7 - MR
(x,y)—>6 4R4/0 du/o d,uexp[ 5

=pee(z—y) at oR?<1. (20)

Therefore, we have a formula for the polarization operator,
interpolating between the limits (19) and (20):

1 —AVoR2 ( 2 5/4)
T6-imi¢ 1+ B(cR?) ,  (21)
with the following anal/ytlc values of the coefficients: A =
2V3~3.46 and B = ZT ~6.75.

I(R) =
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4 Freezing of the running strong coupling
at zero temperature

The integral of (16) has been also calculated with the
Monte Carlo integration routine Vegas [12] in the inter-
val 0.12 < 0R? < 4.3. The interpolating curve is plotted
in Fig. 2. The numerical fit to these data yields A = 3.38,
which is very close to 3.46. The corresponding analytic and
numerical values of the mass m in (4) are
Man = 2V30 =1.64 GeV,  Mpum = 3.38v/0 = 1.60 GeV .
(22)

Note that the value of the analytically calculated freezing
mass depends on the dimensionality of space-time d as

Man =24/ (d—1)o.

This is readily seen from the saddle-point of the integral
I, in (18) by noticing that, in d dimensions, sinh®?2¢ —
d—1

(23)

sinh™ 2 ¢ in (17). This result is a direct consequence of the
Ansatz for the minimal area we use, (14).

Freezing, as defined by (4), stems from the replacement
of the free-gluon polarization operator, (9), by that of the
valence gluon,

1 22

Hval<p2) = 167’(’2 n

. 24
p?+m? (24)

Therefore, it looks instructive to compare the inverse
Fourier image of this desired exact expression with our ap-
proximate result, (21). We have

; A2
4 —ipx 0
/d pe” 'P¥In e

/ dS/d4 pT *S(P +m2) 75A0:|

—i
_e2 2 812m?
= [T e = F Ko (lal).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Fig. 2. Integral f(oR?) from (16)
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where K is a Macdonald function. (When deriving the
third formula in this chain, we have used the obvious fact
that [ d*pe™'P* =0 for z # 0.) Therefore, (24) in the coor-
dinate representation reads

m2
3274 R2

The short-distance asymptotic limit of this formula co-
incides with (20). As for the large-distance limit, we see
that (25) has the same exponential fall-off as our re-
sult, (21), but a different pre-exponential R-behavior. The
ratio of (21) to (25) at mR 2 1 is « /o R. However, at large
distances in question, this discrepancy is unimportant.
Finally, it is worthwhile to compare directly (24) with
the Fourier image of (21). Because of the logarithmic diver-
gency, we compare the derivatives of the two express1ons,

I, (R) = K>(mR) . (25)

which are UV-finite. Therefore, we compare ﬁg;l(p—) =
—#W with %(p—), where I1(p?) is the Fourier

image of I1(R): I1(p?) = |p| fo dRR%J,(|p|R)II(R), and
the J, is the Bessel function. Introducing the dimensionless
variables z = /o R and ¢ = |p|/+/7, one has

dlI(p*) _ F(q)
dpz2 = o’
where
F@) =gz [ |5 Unla) - afa) - 2
X <1+Bx5/2) oA (26)

This function has been calculated numerically for 0.02 GeV
< |p| < 5GeV, which corresponds to g € [0.042,10.541].
Fitting the result by the function

1 d1

F(q) = —@ma

(27)

-0.0001} 1

-0.0002} ]

-0.0003} 1

-0.0004 1

-0.0005+ 1

-0.0006 ‘ : : : :
0 2 4 6 8 10 12
plo'2
Fig. 3. The function F(q) (red online) and a fit to it (green
online)
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we obtain d; = 0.585 and dy = 2.491. The interpolating
curve for F'(q), at the above-mentioned values of ¢, and the
function (27) are plotted in Fig. 3. The value of m corres-
ponding to the coefficient ds is therefore

m=dsy/o=1.18 GeV . (28)
It is closer to the phenomenological estimates (~ 1 GeV)
[13-15] than the values (22). Furthermore, the coefficient
dy defines a numerical prediction for the parameter b:

b~0.585b=16.435. (29)
Therefore, the numerical analysis in the momentum rep-
resentation yields an effective decrease of b in the infrared
region. For the final form of a(p) at zero temperature, we
refer the reader to the end of Sect. 5, where we discuss this
result together with the one at T' > T.

5 Freezing of the running strong coupling
in the gluon plasma

At temperatures above deconfinement, T' > T, large spa-
tial Wilson loops still exhibit the area law. For pure gauge
SU(3) Yang—Mills theory, T, ~ 0.27 GeV [16]. This behav-
ior of spatial Wilson loops is the main well established
nonperturbative phenomenon at T' > T, which is usually
called “magnetic” or “spatial” confinement [17-19]. Of
course, it does not contradict true deconfinement of a static
quark—antiquark pair, since space-time Wilson loops in-
deed lose the exponential damping with the area for T >
T.. If points x and y are separated by a time-like interval,
valence gluons in the polarization operator II(z,y|T) are
not confined, and therefore as(p?) at p? > 0 is given by the
perturbative formula, without freezing. When = and y are
separated by a space-like interval, magnetic confinement
holds, and one expects freezing of as(p?) at p? < 0.

We will start our analysis with the calculation of the
spatial polarization operator of a valence gluon in the
SU(3) pure Yang—Mills theory at temperatures higher than
the temperature of dimensional reduction, T' > Tyg ;. ~ 27¢.
QCD becomes a superrenormalizable theory in three spa-
tial dimensions, where the renormalization of the dimen-
sionful coupling, g3 = gv/T, is exact in one loop. Appar-
ently, this effective coupling is not asymptotically free and
is unrelated to the study of freezing. The following calcu-
lation prepares the subsequent analysis of ag at T, < T <
Td.r.'

Let us first consider the propagator of a free particle at
temperature 7" from the origin to the point R, = (R, R4):

(~0%) 5l = /oo ds; (4733)2 exp {_M(i—z_ﬁ“)z}

0

_ /OOO dsy 2Ti/ﬁ exp {— (R 13’3")2]

n

o1 [oamaon (- [ £ ),

(30)
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“+o0
where Y = > .Upon performing Poisson resummation,
n n=—oo

one has

271;\/”_3 Zn:exp [—W}

Zexp (—wﬁs—k iwnR4) , wp=2mnT. (31)

When T — oo, only the zeroth term on the R.H.S. of (31)
survives, which means dimensional reduction. The sum
goes to 1, and

(—32)R}0—>T/Ooo ds/(Dz)Rg exp (- /:Z—zd/\>

T
= 2
Y (32)
where L = |R|. With the effect of magnetic confinement
included, the polarization operator for T > Ty, reads
[cf. (12) and (14)):

H(x,y|T):T2/ ds/ dsI(s,3),
0 0

where

I(S,E):/(’Dz)xy(’DZ)yxeXpl— /(;szjd/\—/(;s%d/_\

— 05 (L /(;L dTﬁ2) 1/21 .

Here, oy is the spatial string tension, whose ratio to the
zero-temperature string tension, oo = 0.225 GeV?, is plot-
ted in Fig. 4. The points x and y are spatially separated,
y—x =R, and p'is a two-dimensional vector orthogonal
to R. Two-dimensional vectors are denoted by an ar-
row, differently from three-dimensional vectors, which are
boldfaced. This polarization operator can be calculated in
a way similar to the zero-temperature one. Referring the
reader for details to Appendix B, we present the final re-
sult: the polarization operator at T' > Ty ;. reads

(33)

012 m
(%, y|T) = YL omr

2
~ - ar © at o L°>1, (34)
T \2
1(x,y|T) ~ (H) at o L2< 1. (35)
In (34),
m = 2+/20g, (36)

i.e. (23) at d =3 is reproduced. Equation (35) is nothing
but the free scalar polarization operator, which is just the
square of (32).

Let us now proceed to the physically more interesting
range of temperatures, T, < T < Ty... Here, like at T' =0,
the exponential fall-off of II(z,y|T) (where z and y are
four-vectors) due to magnetic confinement is relevant to
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25 3 35 4 45 5

TIT,

0 05 1 15 2

Fig. 4. The curve interpolating the lattice data on the ratio
of the spatial string tension to the zero-temperature one in the
SU(3) quenched QCD as a function of T'/T¢ 20, 21]

the freezing of as. The Euclidean path-integral representa-
tion for IT(x,y|T) at T. < T < Ty.,. can be constructed by
using (30) and (33):

1 [~ ds [ ds
I T)=— — —I(s,5s
@t =4 [ [ i)

x%exp{—l [(34—@1)2 + (R4—§/3k)2}} )

4 s
(37)

This quantity is calculated in Appendix B. At large dis-
tances, o L? > 1, the result reads

osL —2v/20sLR
76 s
8v2m3 R3

where R = ./R2%+ L2. Recalling that, in the physical
Minkowski space-time, magnetic confinement holds only
when R, is a space-like vector, one can always place the
points x and y along some spatial axis, which makes L and
R equal. The resulting formula for the polarization opera-
tor at large distances takes the form

Os e—2V20sR
8+/273 R2

I(z,y|T) ~ (38)

(x,y|T) ~ at osR*>1.

(39)

Therefore, at the temperatures T, < T < Ty, and Min-
kowskian p? < 0, freezing of as(p?) takes place at the
temperature-dependent momentum scale, which is analyt-
ically defined as m = 2v/205. The factor “2” under the
square root in this formula is the number of spatial dimen-
sions minus one, in accordance with (23).

The limit of small distances is also discussed in Ap-
pendix B. At L = R, the result reads

T 2
II(z,y|T) — | —= coth(nTR) at o RZ<1.
47 R
(40)
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(In particular, at T'— oo, this result goes over to (35), as
it should.) Since ,/og = 474 MeV and T, = 270 MeV, one
can see from Fig. 4 that, at T, < T < Tq., the condition
osR? < 1 automatically means also TR < 1. For this rea-
son, at these temperatures, (40) can be approximated by
its zero-temperature counterpart, (4?%277' Therefore, the
formula for the polarization operator, which interpolates
between this short-distance limit and the large-distance
one, (39), reads

e—2V20sR
(47T2R2)2
at To<T<Ty,. .

(z,y|T) = <1+7T\/§USR2)

Note that this expression depends on temperature only im-
plicitly, namely through o(T').

The analysis of the polarization operator in the mo-
mentum representation can again be performed. Specific-
ally, the factor (14 Bz®/?) e~4% in (26) should be replaced
by (1 +7r\/§ac2) e~2V2e, Fitting the integral by the func-
tion (27), we get the values d; = 0.711 and d = 2.289. The
freezing mass grows with temperature as the square root
of o5(T): m(T) =da\/0s(T). When T varies from T, to
Tar. ~ 2T, m(T') varies from 1.09 GeV to 1.56 GeV. Fi-
nally, the parameter b~ 0.711b = 7.821 is larger than the
one at zero-temperature, (29).

Bothat T'=0and T, < T < Tq.,., freezing modifies (10)
to

1 1 b AZ+m?
— == - n———.
g*(p) g 1672 p>+m?
Defining the renormalized cutoff, A, through the bare one,
AO» by
27
A= 1/A2+m2exp <—7~>
0 as(Ao)b/)

0.38 f—

0.36f,,

0.34

0.32
£ 03

n

3

0.28

0.26

0.24

022 1 1 1 1 1 1 1

0 0.5 1 15 2 2.5 3 3.5 4
p[GeV]

Fig. 5. The running coupling with freezing at 0 < p <3 GeV for
T=0,T="Te, T=15T¢c, and T = 2T.. The curve at 3 GeV <
p <4 GeV is the experimental as(p), according to the web-site
http: //www-theory.lbl.gov/ ~ianh/alpha/alpha.html from [22]
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J‘% to take the value as(Ao)
b1 m

n &

one enforces as(p) =

when p = Ag. It is then natural to choose a sufficiently large
momentum scale Ay, where ag is practically unaffected by
freezing and finite-temperature effects, and match it at
that scale to the experimental value. Choosing Ay = 3 GeV,
where o ~ 0.2524, we plot in Fig. 5 as(p) with freezing at
T=0,T=1T.,T=15T,, and T = 2T, for p <3 GeV, as
well as the experimentally measured a;(p) [22] for 3 GeV <
p <4 GeV. At fixed p, one observes an increase of a(p) at
T =T, with respect to as(p) at T =0, and a subsequent
decrease with the growth of T'.

6 Possible phenomenological tests
of the infrared freezing
of the QCD coupling

It has been pointed out in various papers [23,24] that
the infrared behavior of the QCD running coupling can
be used to estimate power-behaved corrections to various
QCD observables. The essential parameters are a few mo-
ments of the coupling in the infrared region. One class of
possible observables consists of event-shape variables like
the thrust 7

T = max L:i [pin]
n il

Here the vectors p; are the momenta of the final-state
hadrons and n is an arbitrary vector that maximizes 7. If
the momenta of the hadrons form an almost collinear jet
then, after the maximization, n will lie along the jet axis.
The value of the above thrust variable becomes 1 for an
idealized pencil-like jet. Due to radiation of gluons, the ob-
served T will be different from 1. In perturbative QCD,
these corrections from hard-gluon radiation at a certain
scale p can be calculated [25]. In addition to gluon radia-
tion in the perturbative region, also soft-gluon radiation is
present below a scale g ~ 3 GeV. Essentially the physics
in this region is supposed to be parametrized by the freez-
ing of ag, which we derived in this paper. Because of con-
finement, it seems to be impossible to map out this infrared
running of the coupling exactly, i.e. for each momentum
value. But measurements of the energy loss in fragmenta-
tion may allow one to access an integral over the infrared
region. The observable 1 — 7 related to thrust 7 has an
expansion in terms of the perturbative a?**(p):

1-T| =0.334a2""(p) + 1.02(al*""(p))?

+0 (2" (p))*) ,

which acquires a hadronization correction due to soft gluon
radiation

2\

1—T:1_T|pert+?- (41)

The nonperturbative higher-twist contribution A may be
related to an integral over the infrared region of as(p) =

D. Antonov, H.-J. Pirner: Following gluonic world lines to find the QCD coupling in the infrared

— AT with freezing [24],

bln%
3 GeV
Q
A:CF/ ap2®).
0 i

A
where Cr = 4/3 is the Casimir operator of the fundamen-
tal representation of the group SU(3). Using for ay(p) the
parameters m and b at T'= 0 and T = T, we obtain

/\|T:0 =0.376 GeV s )\|T:0.27 GeV = 0.395 GeV .

(42)

In order to reproduce the experimental data on the energy
losses through radiation in the fragmentation process of
c- and b-quarks, a value of A\|r—o = 0.5 GeV has been esti-
mated [25].

As a possible phenomenological application of freezing,
let us evaluate the thrust of a two-jet event at the scale p =
M. Using the value a2°**(Mz) = 0.12 [22], one obtains the
purely perturbative contribution

1—Tlpert = 0.334aP™ (M z) + 1.02(aP**(Mz))* ~ 0.055,
(43)

which underestimates the experimental value measured at
LEP [26], 1 — 7 ~0.068. Inclusion of the higher-twist con-
tribution according to (41), with the parameter A given
by (42), yields for the full quantity
1—"Tl|r=0=0.063, (44)
which is closer to the above-cited experimental value.

If hadronization takes place in the quark—gluon plasma,
then one can study the effect of a modified as(p) by inves-
tigating the energy loss due to soft radiation in the plasma.
Accounting for the purely radiative higher-twist effect by
means of A\|7—¢.27 gev from (42), one gets at the Mz-scale

1—Tl|r=0.27 cev = 0.064 . (45)
If one instead uses ag(p) from [27,28], then one gets
Alr=0 =1.03 GeV and A|7—0.27 gev = 0.61 GeV, which over-
estimate the corresponding values (42), as well as the ex-
perimental value A|p—¢ = 0.5 GeV [25].

In conclusion of this section, although as(p) with
freezing enhances the perturbative contribution (43) by
15%, the corresponding full values, (44) and (45), are still
smaller than the experimental one. An increase of as(p)
at T = T, with respect to the zero-temperature case, en-
hances the energy loss in the quark—gluon plasma, which
occurs due to the infrared radiation. However, the amount
of this enhancement, quantified by (1—T), is only 1.6%.

7 Conclusions

This paper analyzes the so-called IR freezing (i.e. finite-
ness) of the running strong coupling, in the confinement
and deconfinement phases. The direct evaluation of the
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path integral of a valence gluon confined by the stochastic
background fields can be done by using the parametriza-
tion (14) for the minimal area. This parametrization re-
duces the path integral to that of the three-dimensional
harmonic oscillator. In the deconfinement phase, at T, <
T < Ty, ~ 2T, freezing of as(p) is present at Minkowskian
p? < 0 due to the so-called magnetic confinement. Upon
the calculation of the path integral, we find the momen-
tum scales at which the freezing occurs in the confinement
and deconfinement phases. Analytically, these scales are
given by the same formula (23), where d =4 at T'= 0 and
d=3 at T > T, (cf. (36)). Numerically, the values of the
freezing scales following from the fits in the momentum
representation are smaller than the corresponding analytic
ones and closer to the phenomenological value of 1 GeV
(see (28) and the end of Sect. 5). The values of as(0) ob-
tained at T'=0, T¢, 1.5T, and 27, are 0.341, 0.377, 0.357,
and 0.333, respectively. Full plots, which include the exper-
imentally measured as(p), are presented in Fig. 5. Finally,
we have estimated the physical effect of the freezing on
the thrust variable. The calculated nonperturbative contri-
bution, which arises due to the soft radiation, brings the
purely perturbative value of this quantity closer to the ex-
perimental one.

Note in conclusion that one more application of the pro-
posed method may be a calculation of the mean sizes of
the gluon bound states. Such bound states can be not only
color-singlet (glueball), but also color-octet (quark—gluon).
The latter are suggested to be important ingredients of the
quark—gluon plasma at temperatures T, < T < Ty, [11,
29-31].1 Work in this direction is now in progress.
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como, H. Gies, and Y.A. Simonov for useful discussions. The
work of D.A. has been supported by the Marie-Curie fellowship
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Note added in proof

When the present work was already in press, we have
learned about the papers [33,34], where nonperturbative
contributions to the one-loop effective actions were also
studied within the world-line formalism.

Appendix A: Details of calculation of II(z,y)
atT =0

The path integrals in (15) read as follows:

L For a review see, e.g., [32].
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pe [T [
/(DT’4)00 exp <—E/O d7'7‘4> = 7R y (A2)
R 2 R
/(Dr)oo exp <—7r/0 dri? — % ) dTI‘2>
w

3/2
B 47 sinh <%) 7 (4.3)

where w = 0+/2u,R/\ is the frequency of the harmonic
oscillator. Bringing these formulae together and passing
from the integration over A\ to the integration over £ =
o R3/2 /\/21i X, we arrive at (16) as it would look like before
the introduction of the variables a and b:

I (z,y)

N 1 L/oo d¢ © dudp
—211/27T9/2\/E 0 \/_Sinh3/2§ 0 \//Tr
kR

2R (1 1
T (fﬁ)]' (A4)

It furthermore turns out that the saddle-point integral over
w and i can be done even with the account for 1/4/Rp; in
the pre-exponent. Indeed, we are dealing with the integral

Jo° dpdpe=f M) where
CORNES)
pop) 2 [R\p @]

The saddle-point equation g—ﬂ = 0reads R+ py; — ”255‘3 =

0. We can further use the fact that, since f is symmetric
under p <> 1, the saddle-point values of u and i coincide.
Therefore, setting in the last equation i = u, we arrive at
a quadratic equation, whose solution is

xexp{

il o?R3
5 R+ 5e2

1
p=p=-—|—-1+ 1+<

(A.5)

B 40 R? 2
" 4R

£

The sign “4” in front of the square root has been chosen
because the integration region over p and f is from 0 to
+00.

Further, as we are interested in the large-distance
regime, 0 R? > 1, we can consider separately the following
three regions of integration over ¢:

— € <1< 40R?. At these values of ¢, the saddle-point
values (A.5) are yu = ji ~ %. Accordingly,

_ 1 [26 ., 0
€ f|saddlepoint = E ;e 20R7/¢ .

Next, because f is a symmetric function of  and fi, the
pre-exponent of the saddle-point integral reads

o 3 &
92f S SoR2 )’

72
on saddle point
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Altogether,

e ey 2w |20 3 ¢ o p2
dudpefwim) ~ 22 22 (1425 20R7/E
/0 pane rV e Tsomz)°®

(A.6)

Further, approximating 7 in (A.4) by 5% and

-1
€sinh3/2 ¢

20 R?

changing the integration variable to ¢t = , we have

for the contribution to I1(x, y) from this region of &’s

53/2

1 3
I'(=,20R?
1677/2R | (20)3/2R3 (2’ 7 )
3 1.,
+727/203/2R3F<§,20'R>

where I'(a,z) = [7° dtt®"*e™* is the incomplete
Gamma-function. Using the known asymptotics
I'(a,z) — 2% 1e™ at z > 1, we finally obtain

oY (z,y) ~

1/2,—20R?
IO (@) ~ 7 ( ’

327r7/2R3 +80R2> - (A7)

— 1< ¢<40R? In this region, (A.6) still holds, but
/2

3
,i/m in (A.4) should be approximated by \/_ %75
h

is yields

0'3/2(11 —|—IQ)
(3277)1/2R

2
40 R d§ 73_5720_1%2
IlE —e 2 ¢ s
1 3

L=_> 40R2d -2 (as

I?(z,y) ~

Let us start with the analyms of I by representlng the

integration region as fl = [ fo — [inr2- Then
the first of these three integrals can be done exactly
and reads 2K((2v/30R), where here and below the K,

is a Macdonald function. We can further tg,ke into ac-

20R
count that the saddle point of e 2 ¢ | which is
&€ =2,/0/3R, lies between 1 and 40 R?. Owing to this
fact, we can disregard 32—5 in the exponent of the inte-

2
gral fol, in the same way as we can disregard Q‘TSR in the

exponent of the integral f 1,r2+ Lhese approximations
yield at cR% > 1

Il >~ 2K0(2\/ 30'R) -

_ T 23R _ _
V30R 20 R? 60R?

I(0,20R?*) —I'(0,60R?)
—20R®  —60R?

Analogously,

IQZ

1
4R\/§K1(2\/30R)— / dge 277/
0
oo 3
_ dge3¢/2
LRz se ~ SoR?

—20 2
9 TR 672\/53 2on _
3V3 20R2

at oRZ>1.

8o R?

2 ef6aR2

3 oR2

Equation (A.8) then yields

3/2 1 3
2 -~ g
H( )(x7y) — (327’(’7)1/2R 30 1/4R1/2 ( _R _>
% e 2V30R _ 1 —2032
20 R2 80R2
5 ef6aR2
15 ok (A.9)

1 < 40R? < €. At these values of &, the saddle-point

values of H and [i, (A.5), can be approximated as p =

= 2" . The exponent at the saddle point reads
1_2(cR?)?

2 52

e/ |saddle point = #e . Again, owing to the

2
symmetry of f under p <> i, we find 2 W ~
saddle point

4
?54@. Therefore, the saddle-point integral over 1 and
[ reads

64m o3 RY _20R%)?
dpdpe= ) ~ ——e &
/ e Ve &
Equation (A.4) then yields for the contribution to the
polarization operator, which comes about from this re-
gion of ¢,

4(oR)* /°° dg -3 2R
4

H(3)($,y) ~ me

e JioR2

The Va/lue of the saddle point of the exponent, £ =
2
% is smaller than 40 R?, for which reason we ap-

prox1mately have

4R [ de

I (z,y) ~
(=:9) Vr'le Jior? 57/2
35
= m(oR)‘*F (—5,601%2)
~ Lef%R2 . (A.10)
48v/77eR3

Bringing together (A.7), (A.9), and (A.10), we can
write the final result for the polarization operator
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I (z,y) =T (2,y) + T (z,y) + T3 (z,y):
oo/t 1 3 —2v30R
H(x y) 25/231/47T3R3/2 1+4R €
+O (6720'1% ) +O (ef6aR ) ,
where
o (e72”R2> = 1—2%251/2 + 3 e 2R )
3277/2 R3 8o R2
o (6760R2> _ e—1/2 _5.90-1/2 51/2 6760R2 |
4877/2 R3

Note that the correction O <e’6”R2) is negative. The
leading term, O (e’2‘/§R>, comes about from (A.9).

Appendix B: Details of calculation of II(x,y)
at T' > T¢

Let us start with the polarization operator at T > Ty...
Choosing for concreteness R = (L, 0, 0), we define the rela-
tive coordinate r(7) = z(7) —z(7) = (r1(7), p'(7)) and the
“center-of-mass” coordinate u = % After changing the
variables (s, 3) to (u, i) according to (13), we have for the

polarization operator (33) [cf. (15)]

1T(x, y|T) ~ (LT)/ S [ .

(B.1)

where

I, ) = / (P (Do) |
u+u /

o2L
5 d 52 .
a J, 7 ]

> dA
\/_

drua ——/ dri?

X exp

Carrying out the path integrations over r and u, we have

L ospi/ut (k+p)L
I(p, i) = svan2Lz P [_T

y / dA e N
A /13’
0 sinh <os m)
. . . . 3
Changing the integration variable A — & = 044/ 2ﬁﬁ’ one
can rewrite this equation as

(B.2)

I(p, i) = 4*7L3“”W+/ gsmhg
L (o L\?[/1 1
o g e () (3
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One should now substitute this expression into (B.1) and
perform approximate saddle-point integrations over u and
i This procedure means the insertion of the saddle-point
values into the pre-exponent. In this way, one arrives at the
following counterpart of (17) at T > Ty ;.

VT
8md/2 L / \/gsmhf

720’5L2/£ )

I(x,y|T) ~
(B.4)

Note that, in three dimensions, sinh% ¢ =sinh ¢, as ex-
plained after (23). By splitting the integration region as
n (18), the last integral can be approximated as I; + I,
where

I =

/ 53/2
To evaluate these integrals notice that, at temperatures
T > Ty, which we are currently considering, the spatial
string tension is parametrically o o g3 ~ T2. Numerically,
the ratio os/0¢ is larger than 2 at T > Ty, (cf. Fig. 4).
Next, for magnetic confinement to hold, the spatial Wilson
loop should be sufficiently large, in particular the distance

L should be 2 1 fm. For such distances, 20,L% > 40¢gL? >
1, and we have

2oL/ [ — 2/00 A€ e—20.12/¢
1

—20‘SL2 e—205L2

osL?

(&

Sz lm2vmeVERh-
s

Ilﬁ

Bringing these expressions together and neglecting the
—(mL/2
subleading terms ~ ﬁ)—, we arrive at (34).

In the opposite limit of small distances, (B.2) yields

()P (n+p)L
I —_—— . B.
(1, ) — @rL) &P 5 (B.5)
Inserting this expression into (B.1), we have
T [ dp [~ dR (n+Rm)L
II(x,y|T —>—/ — —_exp[—i
G, y1T) 32m3L Jo B Jo VB 2

at oL’ < 1.

Straightforward integrations over p and z in this formula
lead to (35).

Let us now consider the temperature interval 7. < T <
Taq.r.. Changing in (37) the variables (s, 5) to (u, i), we have

L (> dpu [ di
H(X7y|T):§/ 3/2/ 3/21

x Zexp { [1(Ry — Bn)? + iRy — BF)?] } :
(B.6)

Using for I(u, i) the representation (B.3) and performing
the saddle-point integrations over p and fi as above, we ar-
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rive at the following analogue of (B.4):

3/2

os e d¢
I (x,y|T) ~ -
(@yIT) 167327 L /0 £3/2ginh ¢

$n + Pk e
(Qonsok)g

- Ry—pn\>

When splitting the &-integral as in (18),

2
- LsgL (pnter)
bl

where

% d§ e~ 085[/2 (on+er)
s £/Zsimh¢ =
1 aSL2 o0 Ust
/ 5(;—/5267 3 (pn+er) _|_2/ é%efﬁf £ (pnt+er) ,
0 1

(B.7)

we notice that, at temperatures T, < T < Tq,. of inter-
est, the ratio o5/0p ranges between 1 and 2 (see Fig. 4).
Therefore,

0sL*(pn + 1) > 20sL% >200L*>>1 at L2>1fm.

For this reason, the second of the two integrals on the
R.H.S. of (B.7) is again saturated by its saddle point,
&.p. =V 0sL2(on + ¢1), and yields the leading exponential
fall-off with L, whereas the first integral yields a sublead-
ing Gaussian term. Disregarding the latter, we have for the
leading exponential fall-off:

I T O e 2V osL2(on+er)
x, ~ .
(=, 9IT) 8v/2m3 L2 2 (pnipr)3/?

n,k

Now, as we have just seen, the argument of the exponent
here is much larger than 1. Therefore, one can safely re-
strict oneself to the yg-terms in the sums over n and k.
Since o = R/L, where R = \/R3 + L?, we arrive at (38).

In the opposite case of small distances, inserting (B.5)
into (B.6), we have

1 oo o0
(z,y|T) > ——— i
(z,yl )—>64W4L2;/0 du/O dp

L
X exp [— 5 (wen+ Iwi)}
1

1
= Tor 2 [+ (Ra— ] [+ (B~ 7]
(B.8)

at osR>< 1.

Therefore, we have recovered in the short-distance limit
the product of two free scalar thermal propagators. Note
that the sums in (B.8) can be done analytically. Setting
L = R and R4 = 0, we obtain (40).
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